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Let G1, G2 be two simple connected graphs. Denote the corona and
the edge corona of G1, G2 by G1 ◦ G2 and G1  G2, respectively.
In this paper, we first introduce a new invariant, the M-coronal of
a graph matrix M, where the matrix M is associated with a graph
in a prescribed way. Then it is used to compute the signless
Laplacian spectrum of G1 ◦ G2 and G1  G2 in terms of the sign-
less Laplacian spectrum of G1 and G2. In addition, the spectrum of
G1  G2 are also given in terms of the spectrum of G1 and G2. Fi-
nally, as an application of these results, we construct many pairs of
nonisomorphic signless Laplacian cospectral graphs.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, we consider only simple connected graphs. Let G = (V, E) be a graph with
vertex set V = {1, 2, . . . , n}. Two vertices i and j of G are called adjacent, denoted by i ∼ j, if they are
connected by an edge. The adjacency matrix A(G) of G is a square matrix of order n, whose entry ai,j is
defined as follows: ai,j = 1 if i ∼ j, 0 otherwise. The spectrum of G is defined as
σ(G) = (λ1(G), λ2(G), . . . , λn(G)),
where λ1(G)  λ2(G)  . . .  λn(G) are the eigenvalues of A(G). Let D(G) be the diagonal degree
matrix of G. The Laplacian matrix L(G) and signless Laplacian matrix Q(G) are defined as D(G) − A(G)
and D(G) + A(G), respectively. The signless Laplacian spectrum of G is defined as
S(G) = (q1(G), q2(G), . . . , qn(G)),
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whereq1(G)  q2(G)  . . .  qn(G)are theeigenvaluesofQ(G). Formore reviewabout the spectrum
and (signless) Laplacian spectrum of G, readers may refer to [1,3,5–10,13,15,16] and the references
therein.
The following two definitions come from [11,12]. Let G1 and G2 be two graphs on disjoint sets of n1
and n2 vertices,m1 andm2 edges, respectively. The corona G1 ◦ G2 of G1 and G2 is defined as the graph
obtained by taking one copy of G1 and n1 copies of G2, and then joining the ith vertex of G1 to every
vertex in the ith copy of G2. The edge corona G1  G2 of G1 and G2 is defined as the graph obtained by
taking one copy of G1 and m1 copies of G2, and then joining two end-vertices of the ith edge of G1 to
every vertex in the ith copy of G2.
Note that the corona G1 ◦ G2 has n1(n2 + 1) vertices and m1 + n1(m2 + n2) edges, and that the
edge corona G1  G2 has n1 + m1n2 vertices andm1 + m1(m2 + 2n2) edges.
Barik et al. [2] provided a complete description of the spectrum (and the Laplacian spectrum) of
G1 ◦ G2 using the spectrum (and the Laplacian spectrum, respectively) of G1 and G2. In 2010, Hou
and Shiu [12] considered the spectrum for the edge corona G1  G2 of G1 and G2. Recently, McLeman
and McNicholas [14], by introducing a new invariant called the coronal of a graph, also discussed the
spectrum of G1 ◦ G2.
Motivated by these researches, we discuss the signless Laplacian spectrum of G1 ◦ G2 and G1  G2.
We also consider the spectrum of G1  G2 when G1 is regular. The rest of this paper is organized as
follows. In Section 2, we first introduce a new invariant, the M-coronal of a graph matrix M, and use
it to compute the characteristic polynomial of the signless Laplacian matrix of G1 ◦ G2. Using this
result, we give a complete description of the signless Laplacian eigenvalues of G1 ◦ G2 when G1 is an
arbitrary graph andG2 is a regular (or complete bipartite) graph. In Section 3,we give the characteristic
polynomials of the adjacency matrix and signless Laplacian matrix of G1  G2 for a regular graph G1
and any graph G2. Using these results, we give a complete description of the eigenvalues and signless
Laplacian eigenvalues of G1  G2 when G1 is an r1-regular graph and G2 is an r2-regular (or complete
bipartite) graph. At the same time, as an application of these results, we also consider to construct
pairs of nonisomorphic signless Laplacian cospectral graphs.
2. The signless Laplacian spectrum of G1 ◦ G2
2.1. The M-coronal of some graph matrix M
In [14], McLeman and McNicholas introduced a new invariant, the coronal of a graph G of order n.
It is defined to be the sum of the entries of the matrix (λIn − A)−1, where In and A are the identity
matrix of order n and the adjacency matrix of G, respectively. Now we shall generalize this concept to
a graph matrixM of G.
Definition1. LetGbeagraphof ordernandM beagraphmatrix ofG. Note that, viewedas amatrix over
the field of rational functionsC(λ), the determinant of the characteristic matrix λIn − M is nonzero.
TheM-coronal M(λ) ∈ C(λ) of G is defined to the sum of the entries of the matrix (λIn −M)−1, that
is,
M(λ) = 1Tn(λIn − M)−11n,
where 1n denotes the column vector of size nwith all the entries equal one.
If the matrix M is the adjacency matrix A of G, then the A-coronal A(λ) is same as the coronal of
G defined by McLeman and McNicholas in [14]. For the Laplacian matrix L and the signless Laplacian
matrix Q , L(λ) and Q (λ) are called the L-coronal and the Q-coronal of G, respectively.
Proposition 2. Let M be a graph matrix of order n. If each row sum of M equals a constant t, then
M(λ) = n
λ − t .
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Proof. Since each row sum of M equals a constant t, we get M1n = t1n, and hence (λIn − M)1n =
(λ − t)1n. Then
M(λ) = 1Tn(λIn − M)−11n =
1Tn1n
λ − t =
n
λ − t ,
as required. 
Remark that there are some graph matrices with equal row sum, such as the Laplacian matrix of
any graph, the adjacency matrix and the signless Laplacian matrix of a regular graph and so on. Of
course, generalized stochastic matrix also satisfies the Proposition 2.
2.2. The signless Laplacian spectrum of G1 ◦ G2
LetG1, G2 be twographswithn1 andn2 vertices, respectively.Denote thesignless Laplacianmatrices
ofG1, G2 byQ1 andQ2, respectively. Then the signless LaplacianmatrixQ ofG = G1◦G2 can bewritten
as
Q =
⎛
⎜⎝ Q1 + n2In1 1
T
n2
⊗ In1
1n2 ⊗ In1 (Q2 + In2) ⊗ In1
⎞
⎟⎠ .
Proposition 3. Let G1 and G2 be two graphs on n1 and n2 vertices, respectively. Also let Q2(λ) be the
Q2-coronal of G2. Then the characteristic polynomial of Q is
fQ (λ) = (fQ2(λ − 1))n1 fQ1(λ − n2 − Q2(λ − 1)).
In particular, the signless Laplacian spectrum of G1 ◦ G2 is completely determined by the characteristic
polynomials fQ1 and fQ2 , and the Q2-coronal Q2 of G2.
Proof. Note that, viewed as a matrix over the field of rational functionsC(λ), the following equalities
make sense. The characteristic polynomial of Q can be calculated as follows:
fQ (λ) = det(λIn1(n2+1) − Q)
= det
⎛
⎜⎝ λIn1 − (Q1 + n2In1) −1
T
n2
⊗ In1
−1n2 ⊗ In1 λIn1n2 − (Q2 + In2) ⊗ In1
⎞
⎟⎠
= det
⎛
⎜⎝ (λ − n2)In1 − Q1 −1
T
n2
⊗ In1
−1n2 ⊗ In1 ((λ − 1)In2 − Q2) ⊗ In1
⎞
⎟⎠
= det(((λ − 1)In2 − Q2) ⊗ In1) det B,
where B = (λIn1(n2+1) − Q)
/
(((λ − 1)In2 − Q2) ⊗ In1) is the Schur complement with respect to
((λ − 1)In2 − Q2) ⊗ In1 . Using many elementary results of Kronecker products of matrices, one has
det(((λ − 1)In2 − Q2) ⊗ In1) = [det((λ − 1)In2 − Q2)]n1(det In1)n2 = (fQ2(λ − 1))n1
and
det B = det[(λIn1(n2+1) − Q)
/
(((λ − 1)In2 − Q2) ⊗ In1)]
= det{(λ − n2)In1 − Q1 − (1Tn2 ⊗ In1)[((λ − 1)In2 − Q2) ⊗ In1]−1(1n2 ⊗ In1)}
= det{(λ − n2)In1 − Q1 − (1Tn2 ⊗ In1)[((λ − 1)In2 − Q2)−1 ⊗ I−1n1 ](1n2 ⊗ In1)}
S.-Y. Cui, G.-X. Tian / Linear Algebra and its Applications 437 (2012) 1692–1703 1695
= det{(λ − n2)In1 − Q1 − [1Tn2((λ − 1)In2 − Q2)−11n2 ] ⊗ In1}
= det{[λ − n2 − Q2(λ − 1)]In1 − Q1}
= fQ1(λ − n2 − Q2(λ − 1)).
Hence, the characteristic polynomial of Q is
fQ (λ) = (fQ2(λ − 1))n1 fQ1(λ − n2 − Q2(λ − 1)).
The proof is completed. 
For an r-regular graph G2, the following Theorem 4, first addressed in [4], is an immediate conse-
quence of Proposition 2 and Proposition 3. We remark that here our method is straight-forward and
different from that of Theorem 2.4 in [4].
Theorem 4. Let G1 be any graph on n1 vertices and G2 be an r-regular graph on n2 vertices. Suppose that
S(G1) = (μ1, μ2, . . . , μn1) and S(G2) = (η1, η2, . . . , ηn2 = 2r). Then the signless Laplacian spectrum
of G = G1 ◦ G2 is given by:
(i) Two multiplicity-one eigenvalues
μi + n2 + 2r + 1 ±
√
((μi + n2) − (2r + 1))2 + 4n2
2
for each eigenvalue μi (i = 1, . . . , n1) of Q1 and
(ii) The eigenvalueηj+1withmultiplicityn1 for everynon-maximumeigenvalueηj (j = 1, . . . , n2−1).
Proof. Since G2 is r-regular, each row sum of Q2 equals 2r. Proposition 2 implies that
Q2(λ − 1) =
n2
(λ − 1) − 2r .
The only pole of Q2(λ − 1) is λ = 2r + 1, which is equivalent to the maximal signless Laplacian
eigenvalue λ − 1 = 2r of G2. By Proposition 3, one has
• The 2n1 eigenvalues are obtained by solving λ − n2 − n2λ−1−2r = μi for each eigenvalue μi
(i = 1, . . . , n1) of Q1 and• The other n1(n2 − 1) eigenvalues are ηj + 1 with multiplicity n1 for every non-maximum
eigenvalue ηj (j = 1, . . . , n2 − 1). 
Next, we shall consider the signless Laplacian spectrum of G = G1 ◦ G2 when G1 is any graph and
G2 is a complete bipartite graph Kp,q. If p = q, then Kp,q is p-regular, which has been exhibited in
Theorem 4. It is always assumed that p = q in the following theorem.
Theorem 5. Let G1 be any graph on n1 vertices and G2 be a complete bipartite graph Kp,q on n2 = p + q
vertices. Suppose that S(G1) = (μ1, μ2, . . . , μn1). Then the signless Laplacian spectrum of G = G1 ◦ G2
consists precisely of:
(i) The eigenvalue p + 1 with multiplicity n1(q − 1),
(ii) The eigenvalue q + 1 with multiplicity n1(p − 1) and
(iii) For each eigenvalueμi (i = 1, 2, . . . , n1) of Q1,λi1+1, λi2+1, λi3+1 are three signless Laplacian
eigenvalues of G, where λi1, λi2, λi3 are three roots of the polynomial
x3 − (2n2 + μi − 1)x2 + n2(n2 + μi − 2)x + (p − q)2 = 0.
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Proof. We first compute the Q2-coronal of G2 = Kp,q. Let
Q2 =
⎛
⎝ qIp 1pq
1qp pIq
⎞
⎠
be the signless Laplacian matrix of Kp,q. Take
E =
⎛
⎝ (λ − p + q)Ip 0pq
0qp (λ − q + p)Iq
⎞
⎠ .
By a simple calculation, one has (λI − Q2)E1p+q = (λ2 − λ(p + q))1p+q. Hence,
Q2(λ) = 1Tp+q(λI − Q2)−11p+q =
1Tp+qE1p+q
λ2 − λ(p + q) =
λ(p + q) − (p − q)2
λ2 − λ(p + q) .
Observe that the signless Laplacian spectrum of G2 = Kp,q is S(Kp,q) = (0, p(q−1), q(p−1), p+ q =
n2), where p
(q−1) denotes the eigenvalue p with multiplicity q − 1. The two poles of Q2(λ − 1) are
λ = 1 and λ = n2 + 1. This time, λ − 1 = 0 and λ − 1 = n2 are the minimum and maximal
signless Laplacian eigenvalue of G2, respectively. By Proposition 3, the signless Laplacian spectrum of
G = G1 ◦ G2 is given by:
• The eigenvalue p + 1 with multiplicity n1(q − 1),• The eigenvalue q + 1 with multiplicity n1(p − 1) and• The other 3n1 eigenvalues are obtained by solving λ − n2 − Q2(λ − 1) = μi for each signless
Laplacian eigenvalue μi (i = 1, 2, . . . , n1) of G1. 
As an application of the above results,we consider to construct pairs of signless Laplacian cospectral
graphs. By Proposition 3, the signless Laplacian spectrum of G1 ◦ G2 is completely determined by the
characteristic polynomials fQ1 and fQ2 , and the Q2-coronal Q2 of G2. This leads us to the following
corollary.
Corollary 6. If G1 and G1 are nonisomorphic signless Laplacian cospectral graphs, and G2 is any graph,
then
(i) G1 ◦ G2 and G1 ◦ G2 are nonisomorphic signless Laplacian cospectral graphs;
(ii) G2 ◦ G1 and G2 ◦ G1 also are nonisomorphic signless Laplacian cospectral graphs whenever Q1 =
Q1 , where Q1 andQ1 are the signless Laplacian matrices of G1 and G1, respectively.
3. The spectrum and signless Laplacian spectrum of G1  G2
Let G1 be an r1-regular graph with n1 vertices, m1 edges and G2 be any graph with n2 vertices, m2
edges. Also let A1 and A2 be the adjacency matrices of G1 and G2, respectively. Then the adjacency
matrix, denoted by A, of G = G1  G2 is
A =
⎛
⎝ A1 R1 ⊗ 1Tn2
RT1 ⊗ 1n2 Im1 ⊗ A2
⎞
⎠ ,
where R1 = (rij) is the vertex-edge incident matrix with entry rij = 1 if the vertex i is incident the
edge ej and 0 otherwise.
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Proposition 7. Let G1 be an r1-regular graph with n1 vertices, m1 edges and G2 be any graph with n2
vertices, m2 edges. Also let A2(λ) be the A2-coronal of G2. If λ is not a pole of A2(λ), then
fA(λ) = (fA2(λ))m1 fA1
(
λ − r1A2(λ)
1 + A2(λ)
)
(1 + A2(λ))n1 .
Proof. Note that, viewed as a matrix over the field of rational functionsC(λ), the following equalities
make sense. Using many elementary results of Kronecker products of matrices, one gets
fA(λ) = det
⎛
⎝ λIn1 − A1 −R1 ⊗ 1Tn2
−RT1 ⊗ 1n2 λIm1n2 − Im1 ⊗ A2
⎞
⎠
= det
⎛
⎝ λIn1 − A1 −R1 ⊗ 1Tn2
−RT1 ⊗ 1n2 Im1 ⊗ (λIn2 − A2)
⎞
⎠
= det(Im1⊗(λIn2 − A2)) det{λIn1 − A1 − (R1⊗1Tn2)[Im1⊗(λIn2 − A2)]−1(RT1 ⊗ 1n2)}
= [det(λIn2 − A2)]m1 det{λIn1 − A1 − (R1Im1RT1) ⊗ [1Tn2(λIn2 − A2)−11n2]}
= [det(λIn2 − A2)]m1 det{λIn1 − A1 − (A1 + r1In1) ⊗ A2(λ)}
= [det(λIn2 − A2)]m1 det{(λ − r1A2(λ))In1 − (1 + A2(λ))A1}
= [fA2(λ)]m1 fA1
(
λ−r1A2 (λ)
1+A2 (λ)
)
[1 + A2(λ)]n1 .
This proof is completed. 
The following Theorem 8, first addressed in [12], is an immediate consequence of Proposition 2 and
Proposition 7.We remark that here ourmethod is straight-forward and different from that of Theorem
2.3 in [12].
Theorem 8. Let G1 be an r1-regular (r1  2) graph with n1 vertices, m1 edges and G2 be an r2-regular
graph with n2 vertices, m2 edges. Suppose that σ(G1) = (μ1, μ2, . . . , μn1 = r1) and σ(G2) =
(η1, η2, . . . , ηn2 = r2). Then the spectrum of G = G1  G2 is given by:
(i) The eigenvalue ηj with multiplicity m1 for every non-maximum eigenvalue ηj (j = 1, . . . , n2 − 1)
of G2,
(ii) Two multiplicity-one eigenvalues
r2 + μi ±
√
(r2 − μi)2 + 4(r1 + μi)n2
2
for each eigenvalue μi (i = 1, . . . , n1) of G1 and
(iii) The eigenvalue r2 with multiplicity m1 − n1 (if possible).
Proof. Since G2 is r2-regular, each row sum of A2 equals r2. Proposition 2 implies that
A2(λ) =
n2
λ − r2 .
The only pole of A2(λ) is the maximal eigenvalue λ = r2 of G2.
Suppose that λ is not the only pole of A2(λ). By Proposition 7, one has
• Them1(n2 − 1) eigenvalues are ηj with multiplicitym1 for every non-maximum eigenvalue ηj
(j = 1, . . . , n2 − 1) of G2.
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• The 2n1 eigenvalues are obtained by solvingλ−r1A2(λ) = μi(1+A2(λ)) for each eigenvalue
μi (i = 1, . . . , n1) of G1.
Nowwe obtainm1(n2 − 1)+ 2n1 eigenvalues of G. The other n1 +m1n2 − (m1(n2 − 1)+ 2n1) =
m1 − n1 eigenvalues of Gmust come from the only pole λ = r2 of A2(λ). This completes the proof of
theorem. 
Next, we shall give a complete description of the eigenvalues of G = G1 G2, when G1 is r1-regular
and G2 = Kp,q.
Theorem 9. Let G1 be an r1-regular (r1  2) graph with n1 vertices, m1 edges and G2 be a complete
bipartite graph Kp,q with n2 = p+ q vertices, m2 edges. Suppose that σ(G1) = (μ1, μ2, . . . , μn1 = r1).
Then the spectrum of G = G1  G2 consists precisely of:
(i) The eigenvalue 0 with multiplicity m1(n2 − 2),
(ii) For each eigenvalue μi (i = 1, 2, . . . , n1) of G1, λi1, λi2, λi3 are three eigenvalues of G, where
λi1, λi2, λi3 are three roots of the polynomial
x3 − μix2 − (r1n2 + μin2 + pq)x − pq(μi + 2r1) = 0,
(iii) The eigenvalues
√
pq and −√pq with multiplicity m1 − n1 (if possible).
Proof. By Proposition 8 in [14], we have
A2(λ) =
n2λ + 2pq
λ2 − pq .
Observe that the spectrum of G2 = Kp,q is S(Kp,q) = (0(n2−2),±√pq). The two poles of A2(λ)
are the non-zero eigenvalues λ = ±√pq of Kp,q.
Suppose that λ is not some pole of A2(λ). By Proposition 7, one has
• The eigenvalue 0 with multiplicitym1(n2 − 2),• The 3n1 eigenvalues are obtained by solvingλ−r1A2(λ) = μi(1+A2(λ)) for each eigenvalue
μi (i = 1, . . . , n1) of G1.
Nowwe obtainm1(n2 − 2)+ 3n1 eigenvalues of G. The other n1 +m1n2 − (m1(n2 − 2)+ 3n1) =
2(m1 − n1) eigenvalues of G must come from the two poles ±√pq of A2(λ). By symmetry, we have
that the eigenvalues
√
pq and −√pq with multiplicity m1 − n1 (also see Appendix). This completes
the proof of theorem. 
In the following,we shall consider the signless Laplacian spectrumofG1G2. LetG1 be an r1-regular
graph with n1 vertices, m1 edges and G2 be any graph with n2 vertices, m2 edges. Also let Q1 and Q2
be the signless Laplacian matrices of the graphs G1 and G2, respectively. Then the signless Laplacian
matrix, denoted by Q , of G = G1  G2 is
Q =
⎛
⎝ Q1 + r1n2In1 R1 ⊗ 1Tn2
RT1 ⊗ 1n2 Im1 ⊗ (2In2 + Q2)
⎞
⎠ .
Proposition 10. Let G1 be an r1-regular graph with n1 vertices, m1 edges and G2 be any graph with n2
vertices, m2 edges. Also let Q2(λ) be the Q2-coronal of G2. If λ is not a pole of Q2(λ − 2), then
fQ (λ) = (fQ2(λ − 2))m1 fQ1
(
λ − r1n2
1 + Q2(λ − 2)
)
(1 + Q2(λ − 2))n1 .
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Proof. Note that, viewed as a matrix over the field of rational functionsC(λ), the following equalities
make sense. If λ is not a pole of Q2(λ − 2), then
fQ (λ) = det(λIn1+m1n2 − Q)
= det
⎛
⎝ λIn1 − (Q1 + r1n2In1) −R1 ⊗ 1Tn2
−RT1 ⊗ 1n2 λIm1n2 − Im1 ⊗ (2In2 + Q2)
⎞
⎠
= det
⎛
⎝ (λ − r1n2)In1 − Q1 −R1 ⊗ 1Tn2
−RT1 ⊗ 1n2 Im1 ⊗ ((λ − 2)In2 − Q2)
⎞
⎠
= det(Im1 ⊗ ((λ − 2)In2 − Q2)) det B,
where B = (λIn1+m1n2 − Q)
/
(Im1 ⊗ ((λ − 2)In2 − Q2)) is the Schur complement with respect to
Im1 ⊗ ((λ − 2)In2 − Q2). Using many elementary results of Kronecker products of matrices, one has
det(Im1 ⊗ ((λ − 2)In2 − Q2)) = [det((λ − 2)In2 − Q2)]m1 = [fQ2(λ − 2)]m1
and
det B = det[(λIn1+m1n2 − Q)
/
(Im1 ⊗ ((λ − 2)In2 − Q2))]
= det{(λ − r1n2)In1 − Q1 − (R1 ⊗ 1Tn2)[Im1 ⊗ ((λ − 2)In2 − Q2)]−1(RT1 ⊗ 1n2)}
= det{(λ − r1n2)In1 − Q1 − (R1 ⊗ 1Tn2)[I−1m1 ⊗ ((λ − 2)In2 − Q2)−1](RT1 ⊗ 1n2)}
= det{(λ − r1n2)In1 − Q1 − (R1Im1RT1) ⊗ (1Tn2((λ − 2)In2 − Q2)−11n2)}
= det{(λ − r1n2)In1 − Q1 − Q1 ⊗ Q2(λ − 2)}
= det{(λ − r1n2)In1 − (1 + Q2(λ − 2))Q1}
= fQ1
(
λ−r1n2
1+Q2 (λ−2)
)
[1 + Q2(λ − 2)]n1 .
Hence,
fQ (λ) = [fQ2(λ − 2)]m1 fQ1
(
λ − r1n2
1 + Q2(λ − 2)
)
[1 + Q2(λ − 2)]n1 .
as required. 
The following Theorem 11, first addressed in [4], is an immediate consequence of Proposition 2
and Proposition 10. We remark that here our method is straight-forward and different from that of
Theorem 2.4 in [4].
Theorem 11. Let G1 be an r1-regular (r1  2) graph with n1 vertices, m1 edges and G2 be an r2-
regular graph with n2 vertices, m2 edges. Suppose that S(G1) = (μ1, μ2, . . . , μn1 = 2r1) and S(G2) =
(η1, η2, . . . , ηn2 = 2r2). Then the signless Laplacian spectrum of G = G1  G2 is given by:
(i) Theeigenvalueηj+2withmultiplicitym1 for everynon-maximumeigenvalueηj (j = 1, . . . , n2−1)
of Q2,
(ii) Two multiplicity-one eigenvalues
r1n2 + μi + 2r2 + 2 ±
√
((r1n2 + μi) − (2r2 + 2))2 + 4n2μi
2
for each eigenvalue μi (i = 1, . . . , n1) of Q1 and
(iii) The eigenvalue 2r2 + 2 with multiplicity m1 − n1 (if possible).
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Proof. Since G2 is r2-regular, each row sum of Q2 equals 2r2. Proposition 2 implies that
Q2(λ − 2) =
n2
λ − 2r2 − 2 .
The only pole of Q2(λ − 2) is λ = 2r2 + 2, which is equivalent to the maximal signless Laplacian
eigenvalue λ − 2 = 2r2 of G2.
Suppose that λ is not the only pole of Q2(λ − 2). By Proposition 10, one has
• Them1(n2 −1) eigenvalues are ηj +2withmultiplicitym1 for every non-maximum eigenvalue
ηj (j = 1, . . . , n2 − 1) of Q2 and
• The 2n1 eigenvalues are obtained by solving λ − r1n2 = μi(1 + n2λ−2r2−2 ) for each eigenvalue
μi (i = 1, . . . , n1) of Q1.
Now we obtain m1(n2 − 1) + 2n1 signless Laplacian eigenvalues of G. The other n1 + m1n2 −
(m1(n2 − 1) + 2n1) = m1 − n1 signless Laplacian eigenvalues of G must come from the only pole
λ = 2r2 + 2 of Q2(λ − 2). This completes the proof of theorem. 
We remark that G1 = K2 when G1 is 1-regular in Theorem 11. It is proved[4] that the signless
Laplacian spectrum of G = G1  G2 is
S(G) =
⎛
⎝η1 + 2, . . . , ηn2−1 + 2, n2, n2 + 2r2 + 4 ±
√
(n2 − 2r2)2 + 8n2
2
⎞
⎠ .
Next, we shall give a complete description of the signless Laplacian eigenvalues of G = G1  G2,
when G1 is r1-regular and G2 = Kp,q.
Theorem 12. Let G1 be an r1-regular (r1  2) graph with n1 vertices, m1 edges and G2 be a complete
bipartite graph Kp,q with n2 = p+q vertices, m2 edges. Suppose that S(G1) = (μ1, μ2, . . . , μn1 = 2r1).
Then the signless Laplacian spectrum of G = G1  G2 consists precisely of:
(i) The eigenvalue p + 2 with multiplicity m1(q − 1),
(ii) The eigenvalue q + 2 with multiplicity m1(p − 1),
(iii) For each eigenvalueμi (i = 1, 2, . . . , n1) of Q1,λi1+2, λi2+2, λi3+2 are three signless Laplacian
eigenvalues of G, where λi1, λi2, λi3 are three roots of the polynomial
x3 − (n2 + r1n2 + μi − 2)x2 + n2(n2r1 − 2)x + μi(p − q)2 = 0,
(iv) The eigenvalues 2 and n2 + 2 with multiplicity m1 − n1 (if possible).
Proof. The proof is similar to those of Theorems 5 and 9, omitted. 
In [4], an example is given to explain Theorem 11. Now we shall present an example to explain
Theorems 9 and 12.
Example 13. Let G1, G2 be the 3-regular graph K4 on 4 vertices and complete bipartite graph K1,2
on 3 vertices, respectively. The spectrums of G1 and G2 are σ(G1) = (−1(3), 3) and σ(G2) =
(−√2, 0,√2), respectively. Now let G be the edge corona G1  G2 of G1 and G2(see Figure 1).
Applying Theorem 9, we get
• The eigenvalue 0 ∈ σ(G) with multiplicity 6 .
• For −1 ∈ σ(G1), one has
x3 + x2 − 8x − 10 = 0 	⇒ {−2.5977,−1.3196, 2.9173} ⊆ σ(G).
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Fig. 1. The edge corona G1  G2 of G1 = K4 and G2 = K1,2.
For 3 ∈ σ(G1), one has
x3 − 3x2 − 20x − 18 = 0 	⇒ {−2.2962,−1.2057, 6.5018} ⊆ σ(G).
• The eigenvalues −√2 ∈ σ(G) and √2 ∈ σ(G) with multiplicity 2.
Hence, the spectrum of G is
σ(G) = (−2.5977(3),−2.2962,−1.4142(2),−1.3196(3),
−1.2057, 0(6), 1.4142(2), 2.9173(3), 6.5018).
Below we compute the signless Laplacian spectrum of G = G1  G2. Observe that the signless
Laplacian spectrums of G1 and G2 are S(G1) = (2(3), 6) and S(G2) = (0, 1, 3), respectively. Applying
Theorem 12, we get
• The eigenvalue 3 ∈ S(G) with multiplicity 6 .
• For 2 ∈ S(G1), one has
x3 − 12x2 + 21x + 2 = 0 	⇒ {−0.0905 + 2, 2.2438 + 2, 9.8467 + 2} ⊆ S(G).
For 6 ∈ S(G1), one has
x3 − 16x2 + 21x + 6 = 0 	⇒ {−0.2409 + 2, 1.7150 + 2, 14.5259 + 2} ⊆ S(G).
• The eigenvalues 2 ∈ S(G) and 5 ∈ S(G) with multiplicity 2.
Hence, the signless Laplacian spectrum of G is
S(G) = (1.7591, 1.9095(3), 2(2), 3(6), 3.7150, 4.2438(3), 5(2), 11.8467(3), 16.5259).
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Suppose that G1, G2 are two nonisomorphic signless Laplacian cospectral r1-regular graphs. In [4],
it is proved that G1  H, G2  H are nonisomorphic signless Laplacian cospectral graphs whenever
H is r2-regular graph. Theorem 12 implies that this result also holds for a complete bipartite graph
H = Kp,q.
Corollary 14. Suppose that G1, G2 are two nonisomorphic signless Laplacian cospectral r-regular graphs.
If H is a complete bipartite graph Kp,q, then G1  H and G2  H also are nonisomorphic signless Laplacian
cospectral graphs.
Finally, we point out that themethod in this papermay be used to consider the Laplacian spectrum
of G1 ◦ G2 for any two graphs(not necessarily regular!). Similarly, we may also consider the Laplacian
spectrum of G1  G2 for a regular graph G1 and any graph G2.
Appendix
The proof of the (iii) of Theorem 9. It is well known that (
√
q1Tp,
√
p1Tq)
T and (−√q1Tp,√p1Tq)T are
the eigenvectors of A2 corresponding to the eigenvalues
√
pq and −√pq, respectively.
Let x1, x2, . . . , xt be amaximal set of independent solution vectors of linear system R1x = 0. From
the Exercise 16 in [9], we obtain that t = m1 − n1 whenever G1 is not bipartite and t = m1 − n1 + 1
whenever G1 is bipartite. For any vertex v in k-copy of G2, let ek be the corresponding edge in G1. For
each i = 1, . . . , t, take φi(v) = xi(ek) and
yi =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0⎛
⎝√qxi(e1)1p√
pxi(e1)1q
⎞
⎠
...⎛
⎝√qxi(em1)1p√
pxi(em1)1q
⎞
⎠
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, zi =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0⎛
⎝−√qxi(e1)1p√
pxi(e1)1q
⎞
⎠
...⎛
⎝−√qxi(em1)1p√
pxi(em1)1q
⎞
⎠
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
It is easy to verify that Qyi=√pqyi and Qzi= −√pqzi for each i=1, . . ., t. Thus we obtain the eigen-
values
√
pq and −√pq of G with the multiplicity t. Hence, the result holds when G1 is not bipartite.
Now assume that G1 is bipartite. Then μ1 = −r1 is an eigenvalue of G1. From the (ii) of Theorem
9, we get x3 + r1x2 − pqx − pqr1 = 0 ⇐⇒ (x + r1)(x − √pq)(x + √pq) = 0. It is seen that −r1,−√pq and√pq are three eigenvalues of G, while−√pq and√pq are the two poles of A2(λ). Hence
both the eigenvalues −√pq and √pq have multiplicity t = m1 − n1 + 1 when G1 is bipartite. The
proof is completed. 
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